Lecture 1

:Pefmo‘}a‘{'fov\s n C&anclowx Geomeérg
Sopo Forg
4 - Twhodoction :  tus  amoutel  models 03 consHoined ?eruu4u+fons

4.4 - :Po%vtowtae )Her‘ckduge& X Serzsraloee IO@qu’a)(-f‘oms (amgl aariencls)

Consider foeauomtefs ?,(x),@CX)/%(x)/'ﬁ(x) st. R@-0 Vi=1,2,5,4.
COW(JMMB the  wlves OS P jor smll  x<0 ond sm x>0 (L}esfalsd Fermu'b{wbn o=

Exomple -
Tp®
= -2x0 - x .
Beo=ox T NS
'?200 = 2 %ﬂ()&)
T B ®

oo=xXix 4

T = 3424 > |One e wbhton B mv‘ashovﬁ']
I =00 () ... T(M

Oloserustion - [Kow{’,seufclq ) 2003]

for o'ma choice og Joar ‘)oeéuomwes (P((X))t—:i ) then e oorresfowﬂ.‘vg 0"634"{2443, 31“%

B Fermu{a{-r‘ows el 4 o :5 d » ro%namn‘oes
fﬁ'(x)’_,-} £ ) with T (0)=0 Vi and =och fhat:

CHMM<CT) € ... ¢ ?n(x) (for spmdq X< O,

. ?T(I) (x) < ?0—(2) (x) € .__ < ?G(M) (x) Joy Swee x>0,
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}:) Wrmu}w{l‘on g € gn_

75 ij it owids Hhe ruﬂexus 2413 ol 3442,

thet A5, 4‘5 72/ ga;r 4ndeces 4s4<..<4cn  soch thet

TL)<T (A< T(4DN<S(T)  on  0(i3)< T (L)< T(4) <« T ().

(‘> Se= ChowaleY 1 OS this beor aoor o rxooé)

Treorer [E/ticvme Ghva, 8 sinqubor  methemsticol /oromenaia”]

R faeruw{w(-ron 5S09 'p_-;(auowzue ,in{:erchamgg, zf(f it 4 S_@/»L%,

The ‘oroog 08 fis fheorew ds NOT 4o wd bt F mes  corhin Shucture F{ofen‘r@s o& selnaé&

i)ctvuula{\‘ous ‘le' e h-u/e no time 'bo see  here.

Another im‘eml-:‘rg chovscterizstion oJ sef»reb& j:a'muiw(-rons Jo s &Po@eows:

Consider "Bao{-s\'rsr Fam&m on o nxn 8r.‘of with owe sicx sqoore por exch Cue

ondd row (&s Anitiol cou\tl‘auwf'l‘Oh) ) ie. wéh o fermu"'cél’lbn 9wkl cmé’izor&"ion:

Qoeghon B

At enery s’rcf) oj the Frocess exch box with +wo>

[.S Qua’aone Fufec"lfcl N "H\e SV\A 9 (anK netghboufs 3e+s Anfed'ec‘

7/

U V%

.

No!

TIHE
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THEOREM - [Shofwo, S‘)’e(:hens, J.Sf]i]
Cousie‘er bw‘}sha‘) fu(c,o%on on  the nxn 3,.\5! with o Permuh'h‘on o Anital Conflguvo‘l'lbrl.
‘\Euevéone s ?n(fedeA in e end R Ke _mitiof rermo%on cou}qauwh‘on

A4S  SEPARABRLE

Ser»m% fcr»w%ons fo/b e bere gud Ahere  Jn the  Citerture i mong aﬂﬂ%m«f contexts,
*(Yor inshance | H«eg we  known to ke in éa"ed"mn with o nodef «f ,Deﬁmr wops cled
<eyies - (:mé&f Mafé ond o j Ma o(f Frees @%o’ Scl'lréder trees .

>10 fop-edges ond no ok verlas (i verhces ok chuomect Hle mp 2f remoned)
A rocted mo_m-_serg_i&’ plorar mmap is ,J it doey not contin K, s mivor,
A S 9 ?eumr rooked  tree with o the internol vertices of
degree ot Ced oo ond deconted bg o pls or o minus. Homower, plos ond minus decorshons
o olternste &&mg fhe  Lranches.

THEOREN ;[ Bowichon, Bousquet- Neou, Fisy , 2008]
The é’o&wina = deds ore in bijeckion:
. Sexies-iwmweﬁ mafs with e"'a“;
o Schroder frees  with  n Lases; (e Viged cE5)
. Seimb&z femulakons o se r.
Hoeover, o thase ob(jeds oo coonted by dhe Large Schroder nomber Sy
[Tie deteits f e bjeckoe will be explumel dbring e  feckore |

log s
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4.2 - Honotone peonders X Roxter Fermu‘\?i(‘«‘ons

A of size n s 3 o OX siwf(’z wres € od € i [0 T
which  cross  eaxch ether exar.-le} 2n-1  tiwes and  such thot:
. ei dots  on e &X{(ma sde oj [0,(]2 , ends on dhe r}gh’r-hwe’ dide OJ L.
od  hever wouves in The &JE Jdiveckion . (Er(u;w&wl(,a, W+ e fe 8\@‘)[1 og o couk. gmcl-ion
grow o] to [o,i].)

v 0, duts on e boltow  sde oX [0 ) | ends on e Jmf’ vde of =Xk
ond  never woves dn The bolom divection . (Ectu'v.e&wl(,y, W+ e fe 8“‘)\1 °§ o couk. gmcl-ion

fow (o] to [0d] rokted t,a JO  degrees)
homeouor,ahfsm st ’Y(e,)=€1' .

" Awhga foo momdon mencers (6) & €61 1 3 v PO~ [0 (&),
v(e,)-¢,

@gw‘)_e_g,: Thee s o otowl vy do encode o wonctore mamder with 4 ‘:exmuutom

fead fhe red Gbels f%w:ng the ble rm‘h,

q
ﬂ«, (
//\f.r/ > g =5bL3%21 691048
*l Redoce The 8 w ?ermo\ak‘»on
fi; X to We onigqee wotstion on §l,...,n} F@womcj
N

the velotive ordder lehween wowbers,
The cek  p (Horchre mondas) ds offad dhe ek of Boxter pemobhions.

(‘_P_r_ocos\lr\on: Tle mﬁ (() s 09 b'.(')ed—ion between monotone wiednders ocg d2e n
\_id “Poxter ?evmosrd)r"ons °8 522 .

T =
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Poxter ‘:etmuhhons ewaoas seversl,  hice combiuatori€ ?rc»rer‘hes & ettu}weenf &gw-hons

g s o fermu"ac"ion &uo'nling \‘gc Praemé 2-41-3 ond - I4-2
T G < T (4,)<T (43 )< is
de O is Puxter &= z dy<dped, oL (D) (‘;} (43 )< (i)

T ()<0( ‘i3)< ('T(‘.d.) <O (D)

Afso  Boxter 'I)erwu;‘"er\'t‘ons (o= fefbmb@e, Fermb{'rons) hoe o U_I_sl‘g reach combinsforin€ chocture |
and 'meta s Known fo  be in b.‘d‘eol-ton with mng other  cowbinotoril shuclores.

for dnstance ) bifoeav oriented f&nar vmfs .
A o(f o Teamr msF H ic on orientation oé’ +he a:laes soch thot:

4) Thece ore no orrented 53‘4‘-’5,'
2) Thee s exacty ome goumce  (verkex with ouea em\aosva edaes) ;
3) There i exda Cu) one Snk ( vertex  with Onea Jncow‘-vb e:‘aqs>

Sk

/Ut"f 7%@'(’ we on 5/“#&35 draw ‘H\e
i::ﬁ w';”{a -Huz ecfges orien‘l?c‘ (from
botow {0 {ojb.

Source

THeoreH : [ Bowi chom, Bouszroei- Neboy, 'Fusg, 2008]
The é’eeeowiné obded-s are in bg‘ecmcfom

o Poxter Fawdahons og size n,

o

. "Bifm@»\’ ovientshions with n &’36 o C . 84
Horeouer, o’ these olod‘ec*s ore  counted Ioa the. 'Bmxhgr nomber 3,,'.

QoeaHOV\ " How does I eavae_ Y‘amc!om uni(forwn &xfer/Selosmwe ferwuf\‘s'i'?on g:ox éine?
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2 - ?erMU{‘ov»s - The nd"of@e S@glg Guite o& :Fexmo‘\’a'\'\bh&.

A A A4S 0 ’ombabie'»tg mavsore on Vhe omit Sqoore [O,IT
with unifom' m, imf.s) ise. M ([élbjx[o,[D . ,a,([oA]x [a,B:D :b-a Y O<éshed.

Thee is o potonl vy t sscefe o permotekion with o cermoton.
Exomple: If

a=52104L2¢6 (one-tine ohkion)
ther

< SL:;Z:;/W?? -/mé?nf:s i)

We dhen hoe o nolorel  notion oj convergence ﬁx /raa'mb‘-ions:
. =3 M D /“G;. 22 U wri. M—{ofoeﬁy

Some in-(ereshrg . )oermmlons :

2
. e //;
Al
UM!C""" %”'erﬁ—woi&n%
’Pe\'w.u')lcm Quuit og ] [ﬁzmuf’on efmf f—o ] As 6ou n €8 ) souellfme ‘/ﬁ& /;ema';vﬂ
U"'XOYM f“""“b‘t‘"““ Hoblows fexwh"‘“’“s bt wn be VeERY jrveguéor

A »it oS HISTORY

o lrtrodoced %{ r‘/onpehl Kohaﬁdmwc , Moreirs |, Rofh , Smo/’»blo in 204 o 5‘«/5 fbrmbfvon
&7060»‘25 ond fmwemler 'l'eif'mg (o& S coonlerdav{ oj 3%70110»5 fr iﬁfb)
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® :@fgé”_'ic;d In V%e kau/viﬁic comuum;% EZ

* Kemfw/ ng) Redin | Wincler ~b Formobsbions  with fxezd /gy#an chnzities.

* Bosgino, Bovuel 4'6m3 , Gerin | Hoszoon, Fremot  ~n> ;f:ﬁ#?:s/w/ém—&wdry?

* lere A5 nwow o Crof‘l%, &?e '&11'3"0" ure éwlaina &m"s Oj non-unfﬁﬂf_m_
roncow 'aermu-b(—ions (see , dpor inghonce, mg PHAD Vhesis f:r on overview )

SOVMQ emorks .

d %a"'on convagence £ e?uit/ogen"L LLo ‘fhe C:_:n_ueraence oé) ‘Hh‘.’ ?Lolﬂorlﬂ'on oj_ Fermu‘}u"v"on Fo#ems

e We genera&‘zen' the '/“ﬂ.eora OCr ?ermu‘)‘ons do ’yah- dimensionl cmoéycf_s
[Onaoma Prb(jec{- with Andvew Lin (m shalent of Sbnjar:l)]

o Gien a 'Fermui-ovx A on  can sam‘:ee a Permuh,\-con og sz n:

£ ve " Then rescale  evergthin [ s
uo\ws li»{:f IY:LO ']2 . N to the dfusvrw og the *lo¢= 2443
. fo on ( ” um‘7ue fzfmu'b\‘?‘on Hot hd
with distribotion y7a X ?ms_ewé .&e ovder °

{Z} lg, A s romcjom) gou (firs" need 4o samjoée AL ond then do fhe 7ew’lvbn &}aoue./
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2- %rmu-,“on oonverct)ewce d)or Boxter & Se'ooralo@e ?rm‘;b'h‘ons

THEOREN : (:.E)ass\no) %ouvee) :Fe'mé) G’e,rfn) f)’ierro{'/ ZO/(?)
)-et (O be, o Uﬂijorm &rgya% fa'mo"‘d‘[’ion oé’ size nelN. Then

d
/{{’O: T /a's,{/z ~> The Brownisn Se:,}gwbee Fermoton og Pt '/a

e

Question:  What A< ,LCS//Z?

3.i - ne %rownien &fsrabee Fermu40n$

ﬂe Bmwmem &r&mb&’. Fermo"'ohs ( /(Lf’-_, )rél?.il At a ore- ‘.brdme['er Jaaw‘% oS w fermu‘)'ohs.

Fix ?e[o,lj, It omn be  constrdded o5 fot%ows:

o Cousider o Prownbn excursion & =(€) efoi] (&3, P

4 Cous\clex 8N 4n Iowden‘{’ w@eo'hom H o nJ @/6—5‘)3\(15
ottached to exch gor:de um‘uwsog e “souch thet o ‘é .

?(®3= '{-?PC@)’:F => ><<13

* Tor  each x<a e (o) we s;a et x < 8 155 $X,é= ®, where

= (g ©®)

. We 8e% Wt < ds o RANDOM ToTAL OPDER (en 9 sobeet of [Of) of lebwas 1)
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A Gl  inletmerzo: Toe  continoom moeoau__e_:

* Guen o TOTAL ORER < o il,.-_,n% « Given the TotaL ORDER < Om [_O,:L],oue Con
one can comstruct o PERNUTATION : contyoet o “CONTINUUM PERMUTATION “:
Ty= #4§ ld‘sis Y(x) = Leb %ge[o,ﬂ\ 84)&3 \'/xe[o,nj

255 4<s4<3

= Jg=3454 2

+ One on gsseciste o PERNUTON - Ove  con asscciske o FERMUTON {0 ¥
9 PERMUTATION:
1 % 7 H ALy (R)= Leb({ te[o,r_\] ({:,'Y’(t))éﬁ%)
s = Ve i +
y ﬁ‘ - F ' ie. My = (LY, Leb‘go,.]
© MoV Lo {i] Giow)en]

13 4 ds e totf order constrocked sbove (fmw. (e,s,?) then

AT = /,L/yz A ‘Hte, (BSP) with fordme"‘er P

S
7
l_mf)or{wf fgo_-l- ,(L; is RANDOM | e is o rowdom froéubi@fg measure . E7arw€en‘/€;, gou G
think OX /L;, os o rendom vorioble  in fe sfgce °(f Femu‘f'ons.

<SOW2 5?wedil'iov\5 .
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R—QM&VKS'.

* The Prownion Sef:usbee Ferww"on hs been shown Fo be o wniversof &M%’na I:uerma‘fozn , Le.

i+ describes  Yhe fermmlon Gt oj rmnd oli(f{feren{' é’wieﬂ‘e.s o()’ ,Qg‘”ern-auo;dfna i:ermu'/w"t‘ow.s,
:E)r move 0‘24’&‘?5, See ior instance :

® Vurersl luits of shebhion- clossd  poruubhions csees” by

Bussino, Boovel, Feroy , Gerin, Hoozoon , Piemot (2013

@ ) p dewru"’ecl tree ai)f)roach b rondow ‘oe;mu*a%‘ons An sulos{’i\l-u'/'fou—c&secf clysses” bg
B.) &Wee/ Féfoa | Stofler (ZOZO)

4 Salerde ()ro‘)ex{'ivs of \q\e 3eou4e+r3 og ’W\e ?Browmiam &,gwreb& renud'on.s h»de been S‘(wlieo‘
La N. Hoszoon .n the rarer " On He Brownion &fs(a% ferwv'l'vm "
3.2 - The Poxter fermmlon

Theorem - [%, Haszoun, ZOZJ.]
'j O, is o amiform Poxter Fermoi’u*ion of sze n then
/C(/O-’—L ?A_,—”_) /(LB:' ?)&xfe,r Fermul'on

Qemarr . The FPosder F@rmo%y\ ALy 59 rtadom /oerrm"om

8‘1maed(ion3: %sxéer Wm%&ions
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|MPORTANT  CoMENSTS 3

o The ‘Noog 03 fe Yeoem dloe  snuclies fhe s(wl% og cetbin  colescent - wsbe T\-a:esses

e The Roxter Pemo‘}on con be constracked fmm 8 +wo-dim. Cave&\(ecl Brownion
____saii'em o(f SDEs.

—_

lhe  Boxter fermmlon /'43 s _d_.ﬁel_ﬂ\i:: in Cow ;rou the  Brownian Sefw% Femul'onﬂ/;, /V?e(o,n).

——

3.5’ Hne Skew ’ZBrouunidn j\)errw\ﬁoﬂ

The fdo‘l’ thot ’MB + /u'f ) V()e (CRAN wotivated me o "ng o .s-(wld +he
Conneckion between Hese Ferwnuions.

D orecorlly indodead o uo- el fuidy e
CJM which ore  wuversof o]pd'ec:(s (/'.e. sca&ra Gmits

?X mwg modele, o/ Yook ‘osvmu’b‘l't‘ons) and  such Hhet

/(L, é“ /('['6 2( /“4_'1 i /(z(zi" V1€ [:O,:q

14
212



£p=(x,01yﬂ)

—0.995

p= ;
0.995 Fd

p=1

(BsP) pa

,
&
- td
2N
P2k
s !
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Some  comments:

L4 T‘A‘& ‘Ferw,mlows ,&bﬁ q e COM.S‘TUC‘I'&:I 5'\7:&&(‘148 Jrow ) 2D- Prownion excursion
with  corvefstion Jle (-4,4] ond soev:ua © ._5_851'% oé’ SDEs  (which a/efeods on 74[0,:]).

- ITn ]:B./ 207_5] I Pwveol 4t when Je(—:t,d_) onel ?eCo,l] WHRen

Jwo oy fillva  S(E
X/b/lc] en be  conshrocted Xrom < F&A 3?"-25 d .
one Ma‘ef)auafewk ¥- LOG.
duon w-em o#let‘
éﬁmas
° LG ond Sles  ore cerbin  amiversff  wundom oh()ec{s Jhit  describes  the

s:s&‘nna imit og Wrious  ucdebe %’ Youdow ?ecnor miaps cleco ruted % o roucow curve.

. In oh ov%oi\ﬁa vo(“xed' with E. Gwaune,’ we. Trouecl it

A

19 deferwives  both SLE, + the ¥-LQC.

. H»ua jV\Jcexe&\'iv% a(u&mhkes thet  wn be vead 5«9% He ’aatmu"'ow hoe  ©
Seouehfc jnierfvehhon on SlEs ond  LQG. I the  wani- course
we will ﬁocus on the 5?9_01%2, caze oS He

for the  Brownisn Sz‘»mbee r)exuw-lrom ,u,sr md  its  comections with the
An  Sexies— r’xraeeoe Maf&.

4 A%: {:he encl 03 ‘Hle ourse , ',f 'l'w.e f)efui-l-s ) I wi& informa(% dzZScuss w/u‘)L Slrouec(
be the  continvum o?naéo(jg:; of the 700"‘#1‘!’1‘85 ot we wit? e:fula ot the discrete Gouel .

For he exprts, i Shald be o eort of LGG- dieded famdscope] de. e
\\?WV"{‘UW\” &Mdfogue, f ‘hﬁe Vec}ecp MS@[E cons"rua‘b& 195 Dwuer e, Orfmowm and \/msg

0 He se ima Dj &»s%—ruie&(jc loercoes',’non.
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