I\/Ieanders & Meandric Systems

(joint works Wlth % Gwynne \Y§ Park and X. Sun)

Jacopo Borga | ' %

UCLA department colloquium, March g, 2023



~ Plan of the talk

o MEANDERS: 8 hew conjectre b some resobhs

PERHUTONS | SLE % LOG

o MEDNIRIC SYSTENS — Some now condwtg,res,

— Msin resofls



= aipkd
Ibw hDqunaqs_cJééémsni'(Aﬁg&»¢9 :mw&fk é%tﬁD

AN Hne, Fe.ane, on cress & eme.

Q sPeugecl nom ber og Limes ¢ :

Meanders

(term coined by V.Arnold) "\

On=44325023834044 ¢



LITERATORE : «Zuonkin,K 2024 - " Heanders - A ?et‘&ome Fers':ec:‘iue”
(Sbruea ?feﬁ) e Lc9 C.\?olx., 2003 : : F)ﬁwr&)es b He "e,numem‘l-ite %wa Og m&gV‘A?Xs)’

Comections to mong J;fj'w{ s,o!oJealsi COMBNATOR(CS, THEORETICAL PHYSICS, GEOHETRY of HODLI SPACES,...

W»HRT POES A LARGE OUNIFORM RANDOM MEANIRIC PERHUTATION LOOK LIKE?

Just &#nFeing & ONIFORH HEANDER OX 6dv8_e ;;xed | si12e 15 QUITE HARD.

OUR GOAL: IDENTIFY and SToby  he sc,ag/ng 6t og Gorge

Um&orvv\ random meanc/nc i:ermU+a+tonS
‘\'e,ckniques introdoced i the rest o S‘H‘e talr are V"WCk

Mmore Benerse

L



Permutons,
Liouville quantum gravity
| &
Schramm-Loewner evolutions

—_—



— = ' — . e N e e S < !

C,Onsicler 'lJv\e ?ermwl'd+ioﬁ g =625 34 T 4

Uis sl =]

DegllM{'iOn: A PEANMUTON IS a4 ?fob@keﬁ MEASOYe oOn [-O |:|

UolHn umXoy Mm W\d\rau naes



Degiwi{'ion: A :PE,P\HUTON IS Q rrobobi@'% medsure on [O,':lZ wiH\- umgom Mdralnaes.

700

. “; 1S dn émeraivg bu'l: rdf:io/% e_xr@ncl;h& 'éof)ic_.
o Let (07,)” be 4 Sequence °§ Fermc,’rd«{ions X( (,(I.v'-‘)h gre the comsslocpnclirécJ )germa_'/‘onsz

At weskby W i,&nveragons oA S i) ,.
ﬂ_o_R_ﬂl— . Hermotons convergencc Aimr&es convevaence o(r some  classicl Fem hion stk ks




@J.Miller: SLE/LGQ pictures

L10uv111e quantum grav1ty =
o an Xé. (0,2) [Tbu.s Fammejrer controls the m«ahness C{f the. '”ea‘s"'e]

« A X ‘LQG /ﬁé 45 @ na{'urae RANDOM PRDBHBILITV H6AU§(JFL€ on ﬂe,'

Ruemann .thex'e. 41€. /tCC C) 4 . /Yoraoover &gmosl' Sore% AL 1S
rion- &{'OKMC 46 /»C({ f) O VXéQ: &nc/ A (s ,Oost e on evey o‘oense‘['

« T+ is notowl ” in preing waas Buf'
jor "‘oolaa t I “notoral ” lbecousc'
i he colng duit of mov
modlels °§ rendom f_e_anar mMOps




@J.Miller: SLE/LGQ pictures

- _Schramm-Loewner evolutions -
- Fir ko4 [This. prameter contrs. e “roghness” of He. corue]

H K - WHOLE—PLF)NE smce—mu_we SLe M ds o Ftund RHNDOH

SPF)CE 'FILLING CURVE on d: S"’o\rhng &‘{' 00 owc/ 6”0/13 cﬂ{ 9.

-k is Cretwl” 4n mony _woys, bot d?o
1LoJa5 it i “notowl’ becovse i is the :
sca@ina linit oof man /o’mlerfgoes og shetishie
mechonics moclels (both on deterninistic Gflices

K=46 or oncom Planor M&PS>




@J.Miller: SLE/LGQ pictures

The time parametrlzatlon

S — — e ~ o

. LeE U be § Y -LD6 iR nkans ol %(C) g XG(O?—)

2

[A TdV\AOM PROBABILITY HEHSJRE on (E hon- a<lowc, &sslaus Foz,.#:ue Moab {:o oFen &L&{S

Let ” S WHOLE-PLANE  SPACE - FILLING Ste onC K4

; %rgmév;ze /bz 58 M T (rv[[ot])) -t for &68 tefod]



Permutons from
Liouville quantum gravity
| 2 W
Schramm-Loewner evolutions

—_—



The ingredients:
-Fix Ye(02) ond K, K >4.

- o Let M Eea K—LQG— ares measore, M‘H» AL(C) 4.
A

o Leh (/bz ly) lge, A fgﬂ‘ 03 s‘:ace,-gcee '\a SLEs og Pgramefefb (K¢ Ka)

, > cw?e ng A5 onsi:»ec\@e

o . This 45 & PRANDOH PERMUTON
Directions: R L bl o (10D
and the c.ouoel (f (02"022 _.

. For e {1,2}, ?ardvne{:rize ”l"\ ba A . |
/rh&, Fermo_l_oh TC assoc;\ajrecj W'\‘\'\l\ (M, ”ld.'”Zz ) A5 -c)eae.ne.o‘ ba )
' ; ([a/¥]

TC ([J,B] x[c.,cl]) = T (ﬁlﬂ([a, 'o]) N I\Z ([c,J] )) Z>/\' ”l

l//



The meander conjecture

—_— — - - o



d w.r.t wea . The ¥- LG and the ‘two .IL
/C(’O: L ( ) SlEg dre 3.S. 3]!}6“ ba M.

r£
P:,, P:> - > ¥-LQG + 2 1L SLEg <GH toiao(’oa\/)



d s h=d _
5= \f‘g (I?—\'I_L.?)l | /VLLL-/Y

- = w.r.t. r
> ¥-LQG + 2 1 SLEg (G-H toar:z%\/)

(B.,Gwanne)Sun;ZZ) <Hh) Pn : Ph >

These oon(‘iec*l'uves afe moti vaojml QIork oj D Francesco, Golli nd%:,éuiﬂer(zooo)

Wwhere The 5Co€‘n8 Cinit of mesnders 4y described as s CFT_ with Cc=-4. |
(Meanclersz O(OXO)—- fufeg ]:acaee‘ eooF m,oc\e,e on Teanav- mops)

> Knéalm,ix— ol akov—-ZaMo&)JcL.i.xo'v
The CFT “,én-le,r‘:rebjcion o toae:l'Ler with the - KPZ jormo@i givesz

(D Francesco, Golinell , Gifler , 2000) 72 Sensen - Gotman

| | need Rz 42.26231%..
#%T{e.dnders OS Si2e Z_n,j Ades Cost - B - N ' with o('zp_sarm,?

412

o342



The theorems

—_—



Toaeer with E.Gwanme AL X-‘Sun we Pm\/@\ ceverl resobils on

the MERNDRIC PERHUTON  psin SLE[LQG~techniques.

Lo Consequenes on meandl ric. ?ermde'.oms C £ oon, e,c:"we. >




(B./ Gwnanne) Son, ’ZZ) ‘ | .
Let TC Be --H\e, méandric fermu“oh - De,c?ine Jor te[o,:] ; TC_t ;15 fo@ws:

Re-root at t

’rhi.s ro ?X'l’ 1S
{:ruI j{ano‘abnea lf

K'j_: K?_=8)
bt ¥ ¥e(0,2).

/rhzn/ ffor each é’ixecI 156[014-], we have

' d
T 2 7,



rConneo‘ErJ with .
il

Defmi{ion: H MONOTONE MHEANDER OJ Qize Zntd is: mnat combinator
= ; — 23 OLJGC‘,'S

_ L 3 F+ 5 4 1 6 BAXTER PERHUTATION
= g This és
o = 7E58BRIG 42300 bi.w,ﬂ_m)

HONOTONE HEANDRIC PERHUTATION

'(B.,rfaazoun) RoP ‘24) + (B, PLHS'ZZ%)
Lejc‘ O‘n Be J (_J_g'lgorm ’f)ax{er Fermu"d?\'lon oJ siz2e n) ‘H'Le_h

IMAGINARY GEONETRY
BAXTER PERHUTON: (“’L Hiller & S‘e‘fgie@]

O btained <from two QQUF__ ‘SLE,‘IZ
& an /inolei)ardenf \/-"Z—LQG'

e
/LLUTL >/f/(_,B—\~D




. r—) %&X@T Fexmu—‘on_is & fr:ar'chueo\r instonce

IYL [ B. )\5 The, SKéw-gmwnR&n Fermo‘l'on = ;
the "HATING oF TRees” oé? Doféanfier, Hiller X Sbedﬁf.‘et.’cl,
I exlp&oirao/ Aou)' to describe 4he Boxter Fermmlog usirg:

PLHS 2023] , Bu;@sng =

— CORRELATED 2-DH BROWNIAN EXCORSIONS;

- Some  FLOWS oj STOCHASTIC DIFFERENTIAL EQUATIONS.

e Can we fmo/ Some#u@ sSmi 69)’ for #»e ffeconc/ric faérmwlo,n (P
. th'A we C,Lrar\ec,wleriae ‘Hme Neaeric, i)e,r Mo‘lon wi'”'oul' ()sina SLE X LQG?



| (E)axtt,er q)ermuéajciom




Meandric systems

s = —_— = _—



Meandrlc systems

D@(ﬁ 0 MeamRIC SYSTEM f Size neN is o collection oof (mang) |
meanJers wu H‘l {:o{:dg Slze n, Hore Preassea I'I’ IS ® a:égeo%on of clls()omé s.mFEe
éOOf)s n ’R, wlmcll 010 no{ h+ ﬂ Wl'“)00+ C,YOSSng l'{' dh&/ wh c,l') Ccross

IP& ()reaaeea J’ ‘”’e M‘(S i 2VL§ VleueJ Moc/ugo homeomrfhlSMs flx/ng

@ﬂ@

————— = —




s STUDIED BRY - Karaom ) Férd —Thévepm ; Corien- Koama—5ic,oroviciou:>_Tourh;er
: GO&]CH j—Niw—?Uder ) :Fukugla = NQC"'."'&/ JanSO"‘ Thévenin, e+c.
. /r[MS moolée 1S ec’uivaeen‘l' -l,o e

FOLLY PAckeD O(ox2)- Zoo‘o medel on.  PLANAR HAPS

2

e How con we 5&m)0€e a Um(form meandric. s :»+em f S2e Zm.
C)




SOHE QUESTIONSZ (LOOFS are ) C,Om)ogica‘ll&l &Ounc}fona@ oaf 'Hte weeks>
| @ How mang &OF& ? | e ‘ i
— Férny- TuéEvenn (2022, IMRN): #EOOF AUC : where c is o

COm eics-"ed Som over
Meancler‘s. :

& \Nhorl: s e T Rize oé) dhe esrae.s{ &o,:;7 _ |
| - Kavg‘m (aozz) . The e&r%es{: &Of conﬁ'ma ZC_-eO%(n) vertices, ‘

| L Simeltian 5033‘5'5{: o otk )b, z
@ Does one o dominste ¢ Or, are Me.my brge o of 5 o

= Vexa related 4o dhe * in}im’-‘c noodle” og Corien- Kozme - Sidotavicivs - Toornier
~ (>conT: There is NO INFINITE LooP '

@ \th{ s the scaeina &vwv‘; as n_éw? C?(??




GOHL COY) dec)rur&s jor ANSWEYS to -Hne &boue, ?ue.sjnons

2 &80"005 resolls the direction o(fi \H.eée on deolures

We vView 24 meanc)r_io ‘58&1Lem &5 d

 PLANAR HAP + HAMILTONIAN PATH +




PLONAR HAP + HAHILTONIAN PATH +

ﬁ\@ ,-} ey ;

~GROMOV— HAUSDOREF 7o 0&3&
dfof‘ metric 5‘06@

D o MR
( ) 7 > converges “onder N &ffro]ondL& &9&3 @amn’ Eo

\/‘ LQ6 - messure  + 5L68 + CU
Vv k"‘ﬁ""_)
Swe, S Peemar MopS +$‘mema bree Some. ds CRITICAL ?ERC,OLAT'ON

(B GWJnne %rx "







Sone QUESTIONS (LooFS are 3 com)o&cmleo( dauno"‘lonae oof%mens)

@ How momé &ofpé

— Ferzny-’ﬁ-uevamu (zozz_ IMRN) : #&Of:ruc o, wkeree_ C is o
coml—.: \c,s-,’ec‘ SOm over:

measn ers

@ \thl: is the © suze He esraest ea:ap7

CONJ ECTURE (Boraa Gwavme— o)rK}

VBH'IOQS of the k-th lorgest here K= _32;\@'?//0?'328’

- # 0E 3 &of = Z e S 2. .

@ Does one &xr o|owuvu'te.? Or, are. there mary e&rze &b‘» oé sim'.ear‘\s\ze: ?
iz Vexa reloted 1o -"ng % in{in{-‘e._ noodle” og Con‘en—Kaz,wu-SiJomlciub—'Eornigr

(> conT: There is NO INFINITE LooP (Conjirmeafmo'}ivghovs)

@ Whet is —the sweing bk 52 heso? con Srom lx(fore

o(-ro())

SEVERHL NUNERICAL S)MOLATIONS (in our ?a,:er) CONFIRH +he. CONJIECTURES.



(/5')6“’8""9’) ?an()'ZZ) 255¢ d<3.63 ' |
i LeJC cj be H»e Jimeh,aion of \IZ-L‘QQ-}_ (Jus} Hu'hx % 1t 9s o oonslan'f:)
o L&t (Hn,:Pn, n\) be o Uni%rm meanclr'.c sas(feml_ OJ) si2e nell\) : Tl»en, |

O.2#5

# vertices, oj edraesé éoor 4n ry’., 2 )’LZ“O(Q 2 n

| = o STEP 4 - USE— o (J?che;l‘e f}gyi-)'a or ameh"' {ZO show ‘H\dt 3 d |
éarge eoo‘o in I (w.r.{:. he gmrk—me{:ric induced bg/én)

» STEP 2. SLE/ LOG araumeﬁs to  lower- bownd graj:% - distnces

- Loefs: MATING-OF-TREES | LG - HETRIC 2%
> toels (Migter- Sheffield) ! (Gugme, H;eeev/Dihg Dobecht, Donlep , fobeoret)

. Our‘ +Ileorem xmr&,&s ,Hw-t Here ave (8&4.0&‘&) mac.ro&oFic,. goo)os
Ah [Z wrt, o /Z" (whic‘v ‘sorive  in the SCdélng Cnit l/>
o For »gmm the con (‘)emlore (o(% O.?°I?>> bo+ beﬂer ‘wtoh Pveuious resvws (eoa(mﬂ




- We ofso ?roveo, ‘H:at s
= 7? lhj inite | ‘WooJee n h&@j) - F&me meondric saswlem;
rfe&nc’ric' . 585-“9)(\(;5 are. o f/%—fsx;&l O(Ox i) —-eoof) m@[ee/ bo"["

we ded on  _im ferlmev%*ion IS ,aevco&Jri on on f&» nor m/:é

| | (¥ % )

. Both meanclric sas-‘ems Bc  meanders ogre HISO-HATCHED _ HODELS
and  thee wodels ore Verg ipoorea ondlerstoad Cow\fdeql with

MATCHED-NODELS ( s'xmnin a—‘/’ree M&‘).') : Ferco@s‘hon i mafs-bi'oo&r‘-oﬁen%"/bns...)
(Xz= A5 > F K- mapS




TrHanrk YoL ¥

Thanks to all the people that contributed to the development of this area of Mathematics,
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